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A method for generating an embedding for a signal, which is
invariant to an operator, by first measuring the signal with
each vector from a set of measurement vectors to produce a
corresponding set of coefficients, wherein the measuring
compares and transforms each measurement vector and the
signal using the operator. A set of one or more matching
coefficients according to predefined criteria are selected.
Then, the matching coefficients are combined to produce the
embedding for the signal, wherein the embedding is operator
invariant.

37 Claims, 8 Drawing Sheets

Measurement
Vector e,

( 201

Signal x

310 330
Comparison 4(.,.) or N Select
S(.se) - Matches
A
| Comparison 4(.,.) or
- 5() 340
4 v (
N\ N> Inner
> product
.| Comparison d(.,.) or o)
5(.4e)
A
: 320
Transformation [U
—
—>{ Transtormation /U
% 230
h 4
> Transformation 7:1 Coefficient y,




US 9,337,815 B1

Sheet 1 of 8

May 10, 2016

U.S. Patent

MY 1014
I 31

A

A i .
AV T PR TN O
RV Vi Y #. Q{Mm,w\

%

AN

- Y A ,\‘f AN i
et MO

2auEsicl Bulpuodsaiio

af A
alinoo dop SAAR Al A o

1
_ada:,fzx?f i v .{mq YA

/ QQH—&H@_—U

— Jewrmurm
u\/mﬁ axuelsi(] Bulpuodsaiion P

UONE[A.LIOD

i v Ee;%,,,?z\«. ux [ewxew

y m

UoNRBIRII0T 5S04

sjeubis Jepuwissiq

I -

sjeubis Jejwils




US 9,337,815 B1

Sheet 2 of 8

May 10, 2016

U.S. Patent

Z ‘S

A Surppaquuig
A
0vT — cmm
J0S$II0IJ
MERTIREYY
AEIuapI0)  |e—  JUIWAINSEIJN] ‘MHI JUSWIINSEIJA]
9 10)3A
AIUdPYJR0) | JUIWAINSBIN Ml JUSWRINSBIIA
ERTIRETY
I£)udJ30) (@ JUIWAINSBIN Ml JUIWAINSBIA
\
\
\ \
ocz” i 012
............. uonedrjdde ; Josuas
] plaOoM |eal ,le :uopisiboe [gudls | X [BUSIS
............... 3uissadoadaag
80T — Y 10T —
S0¢ >




US 9,337,815 Bl

Sheet 3 of 8

May 10, 2016

U.S. Patent

M yuanyy0)

cmmb 1

V€ 81

Dy
A ] uoneuriojsue.y, A|_

Aonov
yonpoad
Jouuy

re

\

ore -

SAYNEBIA
19913

ERTIRENY
: JUIWAINSBIJA]
. A|_
uonewWLIoJsue.L
Juon Jsue.ld], 01z —
|
b
] uonewioysuedy,
| oze -
(-*)s 10 (**“)p vosrredwo)) |g
. , X [eusI§
<l N\
A.n.vh I0 A.a.v% GCm_h&QEOU 10T \ﬁ
v

LY

(**)s a0 (**)p uosrreduio))

1%y

N
01 07z A




US 9,337,815 B1

Sheet 4 of 8

May 10, 2016

U.S. Patent

‘A yuanngeo)

A
0€T —

g€ s1d

A.n.v
jonpoad
Juuy

e

ore

Nrm UOT)BULIOJSUR.I],
X [eUSIS
i
‘] uopeuLIojsue.|
A PHEAL e 107 —
|
u\ UoNeBULIOJSUBI],
\
0T¢ \ﬁ
Aonovyﬂ
J0 (*“)p uosrredwo)
‘3 10)J9A
. d 4 JUIWAINSBIJA]
A 4
(*)s 017 —

SAYNEA
IPRS

10 (**)p uosrredwo))

v
Aoa.vrﬂ

0te

J10 (**)p uosrredwo))

ore




US 9,337,815 B1

Sheet 5 of 8

May 10, 2016

U.S. Patent

p S

(e1epelow

PajeId0SSE 10 ‘S[RUSIS Julyd)ew
10 ‘uorssturIdd ssadde §-9)
ndinQ Axdng)

((X)g=£Ax) a1ed eleq

A
1 X4 % b

oSy

Iseqere(q

Sy —

(3seqeyep

YY) wo.aj s[eusdIs SuIyNeA)

}msax A1and)

viv

—

)

0\

paxapuj

I L

(X)7=A Suippaquy

1

X [BUSIS

vab t

uoneaedai Iseqeie(q I

12y - mJ

>

uosiredwod
PUE [BAILIIA
paseq-xapuj

J

(:X)g=.A Surppaqury

(414

—1

|

[

X Jeudi§ A1and)

\

- O M B N BN | BN B | e .

ory

1y \ﬂ

uoneaedasg A1angd)




US 9,337,815 B1

Sheet 6 of 8

May 10, 2016

U.S. Patent

I

P3je1d0sse 10 ‘sjeusis urydjemn

(eyeperow

10 ‘uorssiuadd ss3d0e “-3-9)

(aseqejep
3y} wioaj sjeugis Suryd)ey)
3nsaa A1n)

SIS b A.

uosiiedwod pue

ndinQ A1nd
91§ |
seqeleq
paxapug
0ss
||||||||||||||||||||||| 1
|
|
€TS I
D _
(D)H=Y yseH —>{ (Y 4 x) xapuj ﬁ “
4 DK\ _
vTs

(X)7=A Surppaquiy > < “
225 a ;
X [eudlS I
|
|

> [BAJLI)AI pIseq-yseH

S

e R

(DH=4 yseH /h\mm
1 !
(X)7=A Suippaquy /."\Sm

a

_
X [euSIS Aaang) /.\“

IS
uoneaedaig A1nd) |
-—m o mm mm = = -— e wm owm o

01 —




US 9,337,815 B1

Sheet 7 of 8

May 10, 2016

U.S. Patent

9 31

(dseqerep
Y} woay sjeusdis SurydIeA)
J[nsaa A1dng)

q sis

uosrredwod pue

(ejepejow
P3je1d0sse 10 ‘sjeudis surygdjeut
10 ‘uorssruridd ssd3de “3°9)
ndinQ Amn)

\

o1

[BALI)AI pPaseq-yseH

14 8 b

Iseqere(q
paxapuj

0ss

uopeaedard aseqeieq

0TS —

IIAIIS 709

)

uoneteddig L1and)

01s —

R 109

D




US 9,337,815 B1

Sheet 8 of 8

May 10, 2016

o (teuondo) pue £ adinQ

wjoureaed eunido e [euSis aIuses ¢

Az A0

¥

(X {2V s Yot 8 =

\ .

{x{'a)UpuwuEie = ‘0

LN W

sgenmaud pranido amnduon
OP '8 1071094 JIDUAISBIU (DB IO ¢

o™

faae]

X peusis qndng
IV s 1RO SIOY00A JHDIIOINS RO
G820 (TP nonouny ALRIIUS 10 AR THISSI(]
A PLE ojoweied
{ )V normRunIopsued
rsynduy

U.S. Patent




US 9,337,815 B1

1
METHOD FOR COMPARING SIGNALS
USING OPERATOR INVARIANT
EMBEDDINGS

FIELD OF THE INVENTION

This invention relates generally to signal processing, and
more particularly to comparing signals subject to transforma-
tions.

BACKGROUND OF THE INVENTION

In many applications, it is desirable to compare signals,
such as signals representing images, sound, or industrial auto-
mation signals that have undergone transformations. These
transformations can include translation, rotation, scaling, etc.
Furthermore, the signals can be parametrized with a param-
eter controlling some aspect of the transformation. For
example, if the transformation is a rotation, then the param-
eter can be an angle of rotation. Similarly, if the transforma-
tion is translation, then the parameter can be an amount of
translation.

There are several instances where such comparisons are
necessary. For example, in many applications, it is necessary
to identify a component of an image being processed, such as
an image of a corner, a vehicle, or a face. To identify these
components, an example or template, the image of the face or
the car should be compared with the elements of the image
being processed in order to be identified. However, the face or
the car in the image being processed does not necessarily have
the same scale, position, or orientation as the face or car in the
example image.

Similarly, in many industrial applications it is desirable to
compare signals, obtained from equipment monitoring sen-
sors, with template signals, that are examples of proper equip-
ment operation. When the signals are dissimilar, this is an
indication of equipment malfunction, and an operator should
be alerted. However, such signals are often translated in time
(delayed), compared to the template signals.

There are several approaches in performing such compari-
sons. The most common is to compare a first signal with all
the transformations of a second signal and select the the signal
that matches best. The quality of this match indicates how
similar the signals are under the transformation. One example
of this approach is to determine the autocorrelation of the
signals and select the peak of this autocorrelation, which is an
approach very common in a number of applications. This
comparison can often be performed “in-place,” i.e., without
explicitly determining all the transformations.

FIG. 1 is a schematic of a conventional signal comparison
technique wherein signals 101-102 might be similar but
transformed in some way, e.g., due to a translation in time.
Alternatively, two signals 103-104 might be dissimilar even
when the transformation is taken into account. It is desired to
determine a distance metric that characterizes the similarity.
For example, in one embodiment, the distance is a Euclidian
distance. Typically, this is performed using the cross-correla-
tion 110, which determines the correlation of the two signals
under all the possible transformations (i.e., translation in
time). This results to a corresponding signal distance 115 of
the signals under all the transformations. From the cross-
correlation and the corresponding distance a maximal corre-
lation 111, and a corresponding minimal distance 116 are
determined.

A problem with that approach is the inherent computa-
tional complexity when a single signal needs to be compared
with more than one signals, e.g., stored in a database, to
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determine similarity. Because the comparison of pairs of sig-
nals essentially compares many signals, according to the vari-
ous of transformations considered, and selects the best match.
The computation can be significant, even when the compari-
son is “in-place.” This issue is alleviated in an alternative
invariant approaches described below.

One alternative approach is to further transform the origi-
nal signals in a way that is invariant with respect to the
original transformation. In other words, the transformed sig-
nals would be the same, even when the original signals have
a different shift, rotation or scale, etc., according to the invari-
ance desired. The transformed signals are subsequently com-
pared and the output of this comparison is used to determine
the similarity of the signals.

The transformation is typically much less computationally
intensive than the comparing of all the pairs of signals as
described above. Thus, the comparison of a signal with many
signals in a database can be made much more efficient. On the
other hand, one of the problems with the invariance approach
is that, often, it is difficult or impossible to find a transforma-
tion with the appropriate invariance that also preserves suffi-
cient information to perform meaningful comparisons.

A similar approach is to extract features from the signal
that are invariant to the desired transformations, and not trans-
form the entire signal. Then, the features are compared to
determine a match. This is the approach taken in many popu-
lar image descriptors, such as a scale-invariant feature trans-
form (SIFT) or a compressed histogram of gradients (CHoG),
and other similar methods. The benefit of that approach is that
it is easier to extract invariant descriptors than to transform
the entire signal. The drawback is that these descriptors are
usually designed with particular applications and tasks in
mind, such as detecting objects in an image, and are tuned
specifically for this task. For each different task, a different
descriptor needs to be designed with the appropriate proper-
ties tuned to the task.

SUMMARY OF THE INVENTION

To overcome the above problems and to preserve compu-
tational efficiency, the embodiments of the invention provide
a method for generating operator invariant embeddings.
These embeddings provide a way to combine the benefits of
conventional approaches without their drawbacks. The
embeddings provide a feature extraction mechanism which,
in contrast to conventional approaches, is generic and does
not need to be designed specifically for each application or
each type of signal.

Furthermore, ifitis desired to preserve certain information
derived from the embedding generation, the embedding can
be considered as an operator-invariant transformation. In this
case, the signal can be recovered from the embedding. The
computation of the embedding can be determined by com-
paring the signal with a set of intermediate signals and all
their transformations.

In the later case, each signal is compared with all the
transformations of a small number of intermediate signals.
These comparisons serve as a feature set that are compared
with the features extracted from the other signals. Thus, the
computational cost of comparing the signal with all the trans-
formations of all the other signals is reduced because the
exhaustive comparison only happens with the transformation
of'a few template signals. The outcome of this comparison is
a feature, which is compared with the features extracted from
all other signals, which is a much faster comparison.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a schematic of a conventional signal comparison
technique;
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FIG. 2 1is a schematic of'a process to generate an embedding
according to an embodiment of the invention;

FIGS. 3A and 3B are schematics of the process to extract a
single coefficient or feature according to embodiments of this
invention;

FIG. 4 is a schematic of a signal query execution according
to an embodiment of the invention;

FIG. 5 is a schematic of a signal query execution according
to an alternative embodiment of the invention;

FIG. 6 is a schematic of a client/server query generated
remotely according to an alternative embodiment of the
invention; and

FIG. 7 is a pseudocode that corresponds to the schematic
shown in FIGS. 3 A and 3B according to an embodiment of the
invention.

DETAILED DESCRIPTION OF THE PREFERRED
EMBODIMENTS

Operator-Invariant Embedding

FIG. 2 shows an embodiment of a method for generating an
embedding for a signal which is invariant to an operator. Each
of the measurements vectors e; 210 is used to measure an
acquired signal x 201 and generate an embedding of x as 'y
240.

The signal can be acquired 205 in a preprocessing step
using, e.g., a sensor 205, e.g., a cameras, a microphone, or
other types of sensors. The signal can be a visual signal, e.g.,
animages or avideos, an audio signal, e.g., speech and music,
or industrial automation signals. Alternatively, or additional
the signal can be acquired by an application, e.g., an image or
a speech processing application that extracts features from
the signals. The signals can also be obtained by sensors sens-
ing factory equipment, mechanical systems, electrical sys-
tems, such as power storage systems including batteries.

The signal 201 is measured with each of a set of measure-
ment vectors e; 210 using a measurement process 220 to
produce a set of corresponding coefficients 230. All the coef-
ficients are combined in a vector to produce the embedding
240 y.

The method can be performed in a processor 200 con-
nected to memory and input/output interfaces by buses as
known in the art.

Subsequently, the embedding can be used to compare the
similarity of signals as described below.

Signal Similarity

In order to compare two signals a similarity measure or a
dissimilarity measure is often used. The similarity measure is
high when the two signals are similar and low when the two
signals are dissimilar. The dissimilarity measure is low when
the signals are similar and high when the signals are dissimi-
lar.

An example of a dissimilarity measure is a signal distance,
which is a measure very commonly used in signal compari-
sons. Given two signals X, x'e § , where

§ is the set of signals of interest, the fp distance is
defined as
Loy e~ )12, m

where pz1. Very similar signals have small distance when the
signals are similar, i.e., x=x', and the distance is zero.

If one signal is a multiple of the other, thenthe ¥p distance
can be high, even though certain applications can consider
those signals as the same. For that reason, an alternative
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similarity measure is often used, which comprises of first

normalizing the signals, and then determining their p dis-
tance. This measure is

x x

I, ~ T,

@

dp, (x, X') =

P

Another class of useful similarity measures are diver-
gences, which are similar to distances. For example, a Breg-
man divergence is often used to compare signals. A Bregman
divergence may or may not satisfy neither the triangle
inequality nor symmetry.

One of the most useful similarity measures is signal corre-
lation ¢, defined as

o(xx)=<x,x">=Zxx;. 3)

As with distance measures, multiplication of signals by a
scalar can affect their similarity as measured by the correla-
tion measure. In such cases, the correlation coefficient, which
uses the normalized signals, is

’ 4
p(x,x’):< X )

X
llxdl, ™ 1l >

In a number of applications, two signals that are the oppo-
site of each other, i.e., x=-X', or x=—cx' for some ¢>0, should
still be considered similar. In such applications, the magni-
tude of'the correlation or the correlation coefficient, i.e., lc(x,
x)l or Ip(x, x")| is the more appropriate similarity measure of
the signals.

An alternative similarity measure, often preferred, is based
on functions known as radial basis kernels. Radial basis ker-
nels have a defining property that the kernels are only a
function of the distance [[x—x'|,, of two signals, i.e., the kernels
are defined as

Ko =k w=x1,), ®

for some appropriate k(*) and p.
Two of the most commonl radial basis kernels are the
Laplacian and the Gaussian kernel, defined as

Kynx)=e e,

©
and

2
Kolwx)=e o2,

M

respectively.

Of course, several other similarity measures exist and can
be used in this subsequent development.

In order to design the operator-invariant embeddings
according to the embodiments of the invention, in addition to
the signals x, X', consider an operator T,:§ —& that is
parametrized by a parameter o.. The embeddings are designed
to be invariant to this operator. The operator T, characterizes
how a shift, scale change, rotation, etc., transforms a signal,
such as an image. The operator can also characterize multiple
transformations, e.g., both a rotation and a scale change, or a
rotation and a shift, or all three.

The parameter a. characterizes the specific properties of the
transformation. For example, if the transformation is a rota-
tion, then o may be the angle of rotation. If the transformation
is a translation, then o may be the amount of translation. If the
operator combines multiple transformations, then oo may be a
tuplet of parameters, as required for each transformation, e.g.,
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includes both a translation and a rotation amount. The param-
eter o can take a range of values aeR , e.g., in a rotation,
where R can be the range of angles, from 0 to 27, or - to 7.

For each value of the parameter o, there is an inverse value
ceR , depending on the transformation, which would invert
T, 1.e., To(T,(x))=x. For example, the rotation by a to the
right is inverted using a rotation by . to the left, i.e., a rotation
by —a to the right, which is also equivalent to a rotation by
2m—a. to the right. Similarly, a scale change parameter o is
inverted using a scale change by 1/c.

The embedding is also an operator, E: S — 7V ,where § is
the signal space, as above, and V is the embedding space.

Typically, the embedding space is V is R or C* for some
M. This operator is approximately invariant to T, if E(x)=E
(T (x)) forall ae R and allxe S , with exact equality if E(*)
is exactly invariant to T (*).

A dissimilarity measure is generally denoted using d(x,x"),
or a similarity measure s(x,x'), as appropriate for the applica-
tion. Similarity has high value if x is similar to x' and low if
not. Dissimilarity has low value if x

is similar to x' and high if not.

In order to generate E(*), a number of measurement vectors
e, 1=1, ..., M 210 are used. In typical embodiments, the
vectors are generated randomly. Their number M depends on
the application. For example, M can be based on a trade-off
between speed and accuracy. A higher M gives higher accu-
racy. Generally, M should be much less than the dimension-
ality of the signal, and also can depend on the number of
signals that will be compared. For example, in the database
query and search application, as described below, M increases
logarithmically with the number of signals in the database.
Typical numbers depend on the application type. For
example, when using the embedding to look for a template in
an image, one would expect M to be less than a few hundred,
typically less than 200.

Depending on what the signal space S is, the vectors can
be generated in a number of ways. For example, the vectors
can be generated using a uniform distribution on a unit sphere

in § . Or, if, for example, S eR" or C¥, , then each e, can be
generated as a random real or complex N-dimensional vector,
with each vector component drawn from an i.i.d. real or
complex normal distribution. Alternatively the distribution
can be a uniform, Rademacher, or other subgaussian real or
complex distributions.

Embodiments of the measurement process 220 are
described in more detail with reference to FIGS. 3A and 3B.

In order to measure the signal 201 with the measurement
process 220, an embodiment of the invention generates a
sufficiently fine finite grid g from the parameter set, i.e., G U
R ,where G=|§ |<o is the number of grid points. In general,
the grid sufficiently fine if for all parameters ceR , then

SUPaieG |-’ e for sufficiently small tolerance €. A simi-
lar guarantee, with multiple tolerance values, should be pro-
vided for a multiparameter grid, e.g., if a captures both trans-
lation and rotation. In most implementations, the grid would
contain parameters and their inverse, i.e., 0e§ < 0€G ,
although this is not necessary.

FIG. 3A shows by example how the grid points are used
transform each measurement vector 210, with multiple trans-
formations, one for each grid point. In particular, for each grid
point, a transformation T, j=1, . . . , G, 320 is used to
transform the measurement vector e,. Each transformed mea-
surement vector is compared 310 with the signal 201 using
the similarity or the dissimilarity metric. Matches are selected
and the inner product of the signal with the matching trans-
formed measurement vector is determined 340. In the pre-
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6

ferred embodiments the matches are selected to be the best
matches according to the selected metric is 330. However, the
matches can be, for example, the second or third best match,
or more than one matches using different transformations of
the same measurement vector. In the example in the figure,
the best match is the transformation through T, . The result of
the inner product y,, is the i coefficient 230 of the embedding
240 y.

Alternatively or additionally embodiment is shown in FIG.
3B, in which the signal 201 is transformed using each param-
eter in the transformation 320 and the result is compared with
the measurement vector 210 using the similarity or the dis-
similarity metric 310. The selected matches 330 are used to
compute the inner product of the transformed signal with
measurement vector 340 in order to produce the coefficient
230.

The pseudocode for the procedure that determines the
embedding according to the schematics of FIGS. 3A and 3B
is shown in FIG. 7.

In the preferred embodiment, for each measurement vec-
tor, the procedure first determines the transformation in the
measurement vector that maximizes its similarity with the
signal (step 2). To do so, the procedure minimizes the dis-
similarity function d(*,*) or maximizes the similarity function
s(*,*), depending on which one is available by the application.
Then, the procedure measures the signal using this transfor-
mation (step 3). Note that steps 2 and 3 can be replaced by

&; = argmind(Ta (), e;), or, & = argmaxs(T,(x), ¢;), and (8)
acG asg
yi =T (x), &), ©)

respectively. In most transformations, but not all, both formu-
lations are equivalent and can be used interchangeably.

The formulation in FIG. 7 corresponds to the embodiment
shown in FIG. 3A, and the alternative formulation in (8) and
(9) corresponds to the embodiment of FIG. 3B. The
pseudocode in FIG. 7 is usually easier to implement in prac-
tical systems, especially when measuring a large number of
signals.

The main output of the embedding function is the vector of
measurements y. Optionally the function also returns the opti-
mal transformation parameters, ¢, if the application requires
the shifts. In some embodiments, the parameters can be used
to reconstruct or approximately reconstruct the signal from
the embedding. The parameters can also be used to find the
relative transformation of similar signals.

Given two signals x, X' and their embeddings y=E(x), y'=E
(x"), their similarity or dissimilarity can then be evaluated
using s(y, y") or d(y, y') using an appropriately defined simi-
larity or dissimilarity function in V . This similarity or dis-
similarity is approximately representative of the maximum
similarity or minimum dissimilarity when comparing all the
transformations of x with all the transformations of x', with
parameters taken from the parameter set R .

If the embodiment has also preserved the optimal transfor-
mation parameters used to compute the embedding, then
parameters used to embed the two signals can be compared to
produce the optimal transformation that would align or match
the signals. For example, the average or the median relative
value of the parameters, or the average or the median relative
value of the best matching coefficients can be an estimate of
the relative transformation one signal should undergo to
match the other signal.
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The embedding vector can also be quantized to q=Q(y)
using an appropriate quantization function. This is very use-
ful if, for example, the embedding should be stored or trans-
mitted, and the bit-rate used needs to be reduced.

A hash of the embedding h=H(y) can also be determined,
which can further be a locality sensitive hash (LSH), in order
to further improve the speed of signal retrieval based on
comparisons with the embedding.

Uses and Protocols

There are several uses of these embeddings. One of the
most important is operator-invariant signal retrieval from a
database, e.g., a data base of images. In this application, a
database of signals is searched, using an operator-invariant
method, for signals similar to incoming query signals. The
database is prepared using the appropriate operator invariant
embedding by determining the embeddings of all the signals
in the database and storing the embeddings as indices to the
database.

When the query is executed, the embedding of the query
signal is first determined. The embedding is compared with
the embeddings of all the signals in the database. Depending
on the application, the closest match or a number of closest
matches are returned, or an indication that a close match is or
is not in the database. This is a much faster comparison, when
contrasted with the alternative of comparing the query signal
with all the transformations of all the signals in the database
for all the parameters in the parameter space. The initial
computational cost to prepare the database is small, espe-
cially when many queries need to be executed.

The query time can be further reduced if from all the
signals in the database a locality sensitive hash is determined
from their embedding and stored together with the signal and
its embedding. When a query is executed, a hash is deter-
mined from the embedding using the same hash function.
Only the few signals in the database that have the same hash
are selected for comparison.

FIGS. 4 and 5 schematically show for preparing and que-
rying a database of signals according to embodiments of this
invention.

FIG. 4 shows how the embedding described above can be
used without hashing to prepare and query a database 450 of
signals. The database is first prepared 420 as follows. For each
signal x 421 the embedding y is computed 422. The embed-
ding together with the signal forms a pair (x, y) 423. This pair
is an index entry. All the index entries are stored in an index
which is stored in the database 450 and used to index the
database using indexing methods known in the art.

To query the database with a query signal x' 411, a query is
prepared 410 by computing the embedding y' 412 of the query
signal. The query is executed by comparing 413 the embed-
ding of query signal y' with the embedding y for each of the
signals in the database 450. Matching signals are selected as
the query result. The best match or several matches comprise
a query result 414. These steps can also be performed in the
processor connected to the database.

The output of the query 415 is based on the query result.
For example, the output can be the matching signals them-
selves, or metadata associated with the matching signals, or a
decision based on the matching signals, such as to allow or
disallow access to a user.

FIG. 5 shows how the embedding can be used with hashing
to prepare and query a database of signals. Similar to FIG. 4,
the database is prepared 520 by first computing 522 the
embedding y of each signal x 521. A hash h is computed from
the embedding 523. The hashes from all the signals are index
entries and are used to build an index 524 for the database
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550. The index indexes the signals and their embeddings
according to their hash, using indexing methods known in the
art.

The query is prepared 510 in a similar fashion. The embed-
ding of the query signal 511 is computed 512 and the hash of
the embedding is computed 513. The hash and, in some but
not all embodiments, the embedding itself is used to query the
database.

The query is executed 514 by retrieving from the index of
the database a list of all the signals with the same hash as the
query hash. These are all matching signals from the database.
If the query embedding is also used in the retrieval, then the
embeddings of the retrieved signals can also be compared
with the embedding of the query signal to decrease the num-
ber of matching signals. The matching signals are the query
result 515. In some embodiments multiple hashes can be used
to increase the accuracy of the retrieval using methods well
known in the art.

Similar to the embodiment in FIG. 4, in this embodiment
the output of the query 515 is based on the query result. For
example, the output can be the matching signals themselves,
or metadata associated with the matching signals, or a deci-
sion based on the matching signals, such as to allow or disal-
low access to a user.

In a preferred embodiment shown in FIG. 6, the query is
generated remotely, i.e., there is a client 601 executing the
query preparation 510 and querying the database 550 stored
at a server 602 using a network. The database is already
prepared using the protocol 520 described above. In such
cases, the client can transmit the signal, or a compressed
version of the signal, and the database follows the protocol
above, possibly after decompressing the signal. Alternatively,
the client can determine the embedding, quantize the embed-
ding or encode or compress the embedding in some other way,
and transmit the embedding to the server to continue the
search protocol 514. The server retrieves the matching signals
515 and transmits the query output 516 to the client. While
FIG. 6 demonstrates a client/server embodiment using the
indexed database described in FIG. 5, it is also possible in a
similar manner to implement a client/server embodiment
based on the database preparation described in FIG. 4.

Although the invention has been described by way of
examples of preferred embodiments, it is to be understood
that various other adaptations and modifications may be made
within the spirit and scope of the invention. Therefore, it is the
object of the appended claims to cover all such variations and
modifications as come within the true spirit and scope of the
invention.

I claim:
1. A method for generating an embedding for a signal,
which is invariant to an operator, comprising steps:

measuring the signal with each vector from a set of mea-
surement vectors to produce a corresponding set of coef-
ficients, wherein the measuring compares and trans-
forms each measurement vector and the signal using the
operator,

selecting a set of one or more matching coefficients accord-
ing to predefined criteria; and

combining the matching coefficients to produce the
embedding for the signal, wherein the embedding is
operator invariant and the steps are performed in a pro-
Cessor.

2. The method of claim 1, further comprising:

generating the embedding for each of the two signals; and

comparing the embeddings of the two signals to produce a
comparison.
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3. The method of claim 1, further comprising:

generating the embedding for each signal stored in a data-

base of signals;

associating each signal with the embedding to produce an

index entry; and

storing the index entries to an index table.

4. The method of claim 3, further comprising:

generating the embedding of a query signal;

comparing the embedding of the query signal with the

embeddings of the signals stored in the database using
the index entries; and

retrieving the signals in the database with matching embed-

dings that correspond to the embedding of the query
signal.

5. The method of claim 1, further comprising:

generating randomly the set of measurement vectors.

6. The method of claim 1, wherein the selecting uses a
similarity metric.

7. The method of claim 1, wherein the selecting uses a
dissimilarity metric.

8. The method of claim 2, wherein the comparing uses a
similarity metric.

9. The method of claim 2, wherein the comparing uses a
dissimilarity metric.

10. The method in claim 1, wherein the matching coeffi-
cients are best matching coefficients.

11. The methods of claim 7 or 9, wherein the dissimilarity
metric computes a distance between two signals.

12. The method of claim 11, wherein the distance is a
Euclidian distance.

13. The methods of claim 7 or 9, wherein the dissimilarity
metric is a divergence.

14. The method of claim 13, wherein the divergence is a
Bregman divergence.

15. The methods of claim 6 or 8, wherein the similarity
measure is a correlation.

16. The methods of claim 6 or 8, wherein the similarity
measure is a magnitude of a correlation.

17. The methods of claim 6 or 8, wherein the similarity is
measured using a similarity kernel.

18. The method of claim 17 wherein the kernel is a radial
basis kernel.

19. The method of claim 1, wherein the operator charac-
terizes a shift, a scale a change, or a rotation, and combina-
tions thereof.

20. The method of claim 1, wherein the operator charac-
terizes a transformation of the signal.

21. The method of claim 20, wherein specific properties of
the transformation are characterized by parameters.

22. The method of claim 1, wherein a number of the mea-
surement vectors is less than a dimensionality of the signal.
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23. The method of claim 1, wherein the measurement vec-
tors are uniformly distributed on a unit sphere in a signal
space.

24. The method of claim 1, further comprising:

quantizing the embedding.

25. The methods of claim 1 or 4, wherein the comparing the
embedding uses a hash of the embedding.

26. The methods of claim 3, wherein the associating also
uses a hash of the embedding to produce index entries.

27. The method of claim 1, wherein the signals are images.

28. The method of claim 1, wherein the signals are gener-
ated by sensors.

29. The method of claim 28, wherein the sensors are sens-
ing mechanical systems.

30. The method of claim 29, wherein the mechanical sys-
tems are factory equipment.

31. The method of claim 29, wherein the sensors are sens-
ing electrical systems.

32. The method of claim 31, wherein the electrical systems
are power storage systems.

33. The method of claim 32, wherein the power storage
systems include batteries.

34. The method of claim 4, further comprising:

retrieving metadata associated with the signals stored in the

database.

35. A system for generating an embedding for a signal,
which is invariant to an operator, comprising:

means for acquiring the signal; and

a processor, connected to the means for measuring, con-

figured to measure the signal with each vector from a set
of measurement vectors to produce a corresponding set
of coefficients, wherein the measuring compares and
transforms each measurement vector and the signal
using the operator, and to select a set of one or more
matching coefficients according to predefined criteria,
and to combine the matching coefficients to produce the
embedding for the signal, wherein the embedding is
operator invariant.

36. The system of claim 34, wherein the means for acquir-
ing comprises of sensors.

37. The system of claim 34, wherein the processor is a
client, wherein the client is configured to generate an embed-
ding of a query signal;

a server including a database storing signals and the

embedding of each of the signals;
comparing the embedding of the query signal with the
embeddings of all the signals stored in the database; and

retrieving the signals in the database that correspond to the
embeddings matching the embedding of the query sig-
nal.



